Introduction. Let T(ξ) be a semigroup of linear bounded transformations
on a Banach space 3C to itself (see [4] ), strongly continuous on [0, oo) with Γ(0) = /. Further let 0C( ί, ξ) be a one-parameter family of functions of bounded variation in ξ >^ 0 which form a semigroup in t >^ 0 with product defined by convolution. Then (1) S
(ί)= JΓ°° T(ξ) d ξ a(t,ξ)
will also form a semigroup of linear bounded transformations on 3C to itself. If the semigroup 0C(ί, •) satisfies certain continuity conditions, then S(t) will be strongly continuous for t ^> 0. This method of generating new semigroups out of old ones has previously been considered in a general way by N. P.
Romanoff [10] and in connection with stochastic processes by S. Bochner [2] .
We shall consider the problem in the setting described above and attempt to obtain the infinitesimal generator B of the semigroup S(ί) directly in terms of the semigroup T{ξ) and its infinitesimal generator A. We shall seek also to relate the spectrum of B to that of A In general the integral in (1) will not converge unless 0ί is suitably restricted. The most general function (X of bounded variation, for which the integral converges absolutely, will satisfy the condition
(2) JΓ°° exp [*>(£)] \da\ < oc,
where ω(ζ) = log |l^(f)|| is lower semicontinuous, subadditive, and bounded near the origin. We shall accordingly limit ourselves to the Banach algebra G(α>) consisting of the set of all such functions α, where the norm is given by the integral in (2) and the product is given by convolution. Now S(ω) can also be considered as an operator algebra over the Banach space C(ω) consisting of the absolutely continuous elements in Θ(ω). In the course of proving that the operator topology forS(ω) and the original topology are isomorphic we have We have been able to extend the results of A. Kolmogoroff [7] and Paul Levy [β] on semigroups of distribution functions to the case of semigroups of monotonic nondecreasing functions in 6(ω) when ω(ζ) satisfies the additional condition (4) lim / Finally, we have been able to obtain a characterization of the infinitesimal generator B of S(t) when S(t) is generated by a semigroup of monotone functions in G(ω). In this case we show that for x in the domain of A we have
where m, α, and φ(ζ) are obtained from (6) . In addition, if λ 0 belongs to the spectrum of A, then
belongs to the spectrum of B.
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2. The Banach algebra 6(ω). This section will be devoted to a characterization of various kinds of convergence in the Banach algebra δ(ω). We shall suppose that the weight function ω(ζ) satisfies the hypothesis (i) ω(ζ) is real valued and lower semicontinuous on [0, oo );
If, in addition,
we shall say that ω satisfies the hypothesis (A*). Conditions (i) and (iii) imply (see [4, Chap. 6] ) that lim* + ω(ξ) _> 0, and hence that ω{ξ) is
We now define δ(ω) to be the set of all completely additive complex-valued set functions CC(σ) on the sigma-field of Borel measurable subsets B of [0, oo) such that
We require only that CC(σ) be finite if σ is contained in a finite interval. The norm is given by
It is clear that S(ω) is a Banach space. In order to define the product γ = (X *j3
of two elements of 6(ω), we consider the product measure γ of CC and β defined on the smallest sigma-field S 2 generated by ϊ x 35. For any σ£ B, we set γ(σ) = ψ [(u, v) I u + v C σ; u, v >^ 0] .
It follows that the product is commutative, that 
Since exp [ω(ζ) ] is lower semicontinuous, we can approximate it from below by a sequence of continuous functions w n (ζ) 
, we see that the first two terms on the right of (20) 
We first choose a subdivision sufficiently fine so that for all sufficiently small δ > 0 we have
Combining (19) with the above inequality we then get
1=0
The inequality (18) is isomorphic to the regular norm (9) .
In particular, if lim,. + ω(<f) = 0 then c = 1, and hence (3) follows from (15) and (17).
We next obtain a criterion for the strong convergence of elements in G(ω) considered as operators on Q (ω). as n-»oo. Hencê Σ as n->oo. In other words, if /(f)= 1 for 0 < ζ < a and zero elsewhere, then IMα ra (/)||-*0. Since the linear extension of this class of functions is dense in C(ω), and since |Mα n II a r e bounded by (14), the desired result follows from the Banach-Steinhaus theorem [l, p. 79] .
We now define
These integrals converge absolutely for R[λ] £ ω 0 . We recall that the Laplace transform of the convolution of two functions is the product of their Laplace transforms, and hence that
We next obtain a necessary condition for the strong convergence of the operators A an , where again a n G 6(ω). LEMMA 2.2. // a n C S(ω), the ||θC π || are bounded, and Φ(λ, a n ) converges to Ω(λ) uniformly in every bounded subset of R[λ] < ω 0 , then there exists an αCS(ω) such that Φ(λ, Oί) = Ω(λ) and OL n (ξ)-»α(£) at every point of continuity of α.
Since the variations of the CL n are uniformly bounded in every finite interval, we can apply the Helly theorem and obtain a subsequence CL nk {ξ) which converges to a function OC (ξ) (likewise of bounded variation in every finite interval and continuous on the left) at each point of continuity of 0t(£). In order to show that OtC δ(ω), we approximate exp[ω(^)] as in Lemma 2.1 by a sequence of continuous functions w n (ζ) 9 where 0 < w n {ξ) < αfc +ι (£) and w n (ξ)-pointwise. Then, by hypothesis,
Hence J w n (ξ) \dθL \ <^ M for each n; and, by Fatou's lemma,
Thus αC6(ω), On the other hand, for any δ > 0 and u = R (λ ) <. ω 0 , we have
Finally since this is true of all subsesequences, it follows from the uniqueness theorem for Laplace transforms that >OL(ξ) at all points of continuity of 3. Nonnegative semigroups in S(ω). In this section we shall obtain a generalization of the Kolmogoroff [7] and P. Levy [8, Chap. 7] representation for semigroups of distribution functions in terms of their characteristic functions. We shall consider the semigroup α(ί, ξ), where It will be convenient to introduce the auxiliary space S(ω), where
It is clear that ω(ζ) will also satisfy the hypothesis (h) and that inf ω(ξ)/ξ = 0. Hence if β £ G(ω), then β is a function of bounded variation on [0, oo).
The transformation
is a norm preserving isomorphism of the Banach algebra S(ω) onto 6(ω). Further,
Hence if
then all of the conditions (25) are fulfilled for the semigroup β(t, ) C S(ω) with 0 replacing ω 0 in (iv). Since, in particular, O<j8(t,oo)<||j8U.)||<Jlί forO < ί < 1,
it follows from well-known results on multiplicative functions that β(t,co) = exp(αί) We now define
Then y(ί, ) is a semigroup of distributions, continuous in the sense of (iv).
Hence we can apply the results of Kolmogoroff and P Levy, We refer the reader to Khintchine's proof [6] which has been reprinted by Hille [4, p. 435] . Implicit in P. Levy's discussion of this theorem [8, p. 178 ] is the following modification, valid for one-sided distributions (that is, distributions defined on [0, co)) LEMMA 3. For the sake of completeness, we shall sketch a proof of this fact. The reader will be able to fill in the details by referring to Hille [4, pp. 435-438] . It is readily seen that
and hence that
We next define
As in [4] , it can be shown that var[G(ί, •)] is bounded for 0 < t < t Q ; that the variation of G(t, ξ) in [L, 00) goes to zero as L->oo, uniformly for 0 < t _< ί o ; and that for some sequence t n tending to 0+, Thus the function φ{ζ) is monotonic nondecreasing on (0, oo); φ(ζ) <_ 0; and J ξ dφ(ξ) < oo. The uniqueness of φ(ζ) follows from the uniqueness of G(ζ) as in [4] ; the converse statement is also proved as in [4] For our purposes we shall need a theorem of this type applicable to semigroups in G(α7) satisfying the conditions of (25). We shall show that if
, and that the converse is likewise true for suitable restricted ω(ζ). Without loss of generality we set t = 1. 
= 1
Since J (exp[ω(f)] -1) dip < oo, it follows as above that y 3 C S(ω).
THEOREM 3.2. If γ{t, ξ) is a semigroup of distributions in G(ω) satisfying
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the conditions (25), and
where m >_ 0, φ{ζ) is monotone nondecreasing with J ξdφ < oo, and
It is clear that the continuity conditions (iii) and (iv) of (25) imply (28) so that γ{ξ) £ G(ω). Thus without loss of generality we may assume that m = 0 For t equal to, say, one, we define γ and y as before, so that 
We summarize the results of this section in the following theorem. 
Conversely, if Φ[λ, 0C(ί, •)] satisfies (33), ίλeπ α(ί, •) G S(ω) and satisfies (25) for any ω(ξ) satisfying (h).
Before we conclude this section, a remark is in order about the continuity of the semigroup α(ί, ). If we consider /4 , £ v to be a semigroup of operators on Q (ω), then the strong convergence of these operators to the identity operator
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as t-> 0+ implies, by Theorem 2.3, that the continuity hypothesis (25)-(in) and -(iv) will be satisfied by 0ί(ί, )• We shall show in Corollary 4.1 that the converse is likewise true.
Semigroups of transformations.
In this section, we shall make use of the Banach algebra 6(ω) to develop an operational calculus for the infinitesimal generators of semigroups of transformations on a Banach space to itself. Hille [4, Chap. 15 ] first introduced such a calculus. The novel feature of the present discussion is that this calculus is used to obtain other semigroups of transformations, and as a consequence to obtain other infinitesimal generators. This method of generating new semigroups has previously been considered in a general way by N. P. Romanoff [lO] and in connection with stochastic processes by S. Bochner [2] .
Let X be a complex Banach space, let ( §r( X) be the algebra of linear bounded transformations on X to itself, and let T(t) be a semigroup of operators on [0, oo) to S(X) (see [4] ) satisfying the following hypothesis: satisfies the conditions (h) and may be used to define a Banach algebra of the type S(ω). For 0ί(£) C 6(ω), the relation
defines a linear bounded transformation in S(3C). Further, it is easily seen that
Θ(α * β) = Θ(α)Θ(/3),
Hence Θ(θC) is a continuous homeomorphism of 6(ω) into S(3£) which takes the unit e into the identity /. This mapping can be thought of as defining an operational calculus for the infinitesimal generator A of T(t) (see [4] and [9] ).
Suppose now that d(t 9 •) £ 6(ω) form a semigroup of set functions such that A» t v considered as operators on Q (ω) satisfy the postulates (H) Then
is clearly a semigroup of operators on 3£ to itself by (36). We show next that S(t) converges strongly to / as t -» 0+. For this purpose we need the following lemma.
LEMMA 4.1 Let A an be a sequence of operators on Q(ω) which converge
7Ϊ-K5O 0
By hypothesis, In the proof of this theorem we make use of a technical device due to Dunford and Segal [3] . For x C 2) C Π 5)( B n ) it is easy to verify that S n {t -Ί)S m (Ί)x is strongly differentiable with respect to T. Hence
R. S. PHILLIPS
It follows from our hypothesis that \\S n (t)\\ £ M ι+ί , and thus that
Since the B n (x) form a Cauchy sequence, so do the S n (t)x. We define the limit to be S(t)x. Now for x C 2), S(t)x is the uniform limit of continuous functions in every finite interval, and hence is itself continuous. Further, since 2) { s dense in 3C, and because of the uniform boundedness of the ||S Λ (ί)|| for each
t, it follows that S n (t)x ->S(t)x
for all x G 3C and that ||S(ί)|| < M ιn .
It is a simple matter to verify that the S (t) form a semigroup of transformations.
Also S(t)x is strongly continuous on the dense set 2), for t >. 0 and ||S(ί)|| <Û is continuous with respect to t in the S(ω) topology, and a fortiori in the strong topology over Q (ω). Since the shift semigroup 1 e m t is likewise strongly continuous, the result holds also for their product γ £ (t f .) = y^(ί, .) * e m f We next set S *(O*= f o°° T(ξ)xd0L e (t, ξ) = exp(αί) j^°° exp ( -ω o ξ) T( ξ )x dγ £ (t 9 ξ), so that S e (t)x is given equivalently by x The shift semigroup is defined by (^β OTt /) (^) = /(^~^ί)ί here e m t (ξ)-0 for < mt and = 1 f or f > mt.
Since γ^ (ί, £) is uniformly continuous in S(ω), S^(t) is likewise uniformly continuous, and hence dS£(t)/dt exists in the uniform topology. Thus
and S(Z?g)= 3£ Since S € {t) is the product of two commutative semigroups both strongly convergent to the identity as t -» 0, the same is true of S € (ί); and further, for x G 2>U), Thus S(S € ) 3 S)(i4), which is dense in X. Finally, for * G S(il),
and hence || exp ( -ω o t) T(t)x -x\\ = 0(0 as t ->0. It follows that
and that we obtain
x*[S e (t)x]^>f~x*[T(ξ)x]d0L(t,ξ).χ*[S(t)x].
It follows that S(t) = ί/(ί). This concludes the proof of Theorem 4.3.
As a corollary we obtain a partial converse to Theorem 2.3. In terms of the previous theorem, we set 3£ = Q(ω) and (T(t)f) (u) = /(u -t), a right translation in Q (ω ). Then Hence by Theorem 4.3, ^α(ί, •) converges strongly to the identity as t -»0+.
We conclude this section with a discussion of the spectrum of the infinitesimal generator B of the semigroup S (t). We shall need the following lemma. 
